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Abstract

In a recent article published in the American Journal of Political Science Stegmiiller
claims that ML estimation of multilevel models leads to bias and confidence interval
undercoverage of coefficient estimates if the number of higher-level units is small and
that this bias and undercoverage can be avoided by using methods of Bayesian inference
instead.

In our paper we examine the sources of bias in ML estimation of multilevel mod-
els with a small number of higher-level units. It can be shown that, for given variance
components, ML estimation of multilevel model coefficients is a particular case of Gen-
eralised Least Squares, hence must be unbiased. However, ML estimation of variance
parameters tends to be biased if the number of higher-level units is small. We discuss
a modification of ML - restricted maximum likelihood (REML) — which reduces this
bias considerably. Further, we show that the coverage error of interval estimates of
coeflicients found by Stegmiiller can be addressed, first, by using unbiased estimates of
variance parameters and, second, by using an appropriately selected t-distribution for
the construction of confidence intervals. In addition to discussing the relevant literature
establishing these adjustment, we replicate Stegmiiller’s Monte Carlo study and extend
it, by taking into account REML and improved interval estimate construction. We con-
clude that Stegmiiller claim that frequentist estimators of multilevel models are flawed
is misleading and that the claim that Bayesian estimators are consequentially superior
is premature.
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1 Introduction

Multilevel modelling has emerged as a widely used tool for the comparative analysis of polit-
ical attitudes and behaviour, especially for the cross-national analysis of these phenomena.
A problem that may cause some concern is that often the number of higher-level units of
comparison, i.e. countries in the case of cross-national studies, is small due to limitations of
available data. While one may hear about various rules of thumb regarding the minimum
number of countries required for reliable results, it is not easy to find justifications for them.
In a recent article in the American Journal of Political Science Stegmiiller (2013) examined the
consequences of a small number of higher-level units or countries for estimation and infer-
ence with multilevel models. In this article Stegmiiller compares frequentist and Bayesian
approaches at point and interval estimation of coefficients of these models and finds that
“that maximum likelihood estimates and confidence intervals can be severely biased, espe-
cially in models including cross-level interactions. In contrast, the Bayesian approach proves

to be far more robust and yields considerably more conservative tests” (Stegmiiller 2013).

In the present paper we question the stark claim about the superiority of the Bayesian ap-
proach over frequentist estimation for several reasons. Firstly, while Stegmiiller claims to
have established — by a Monte Carlo study — that coeflicient estimates may be biased, and
even severely so, statistical theory implies that no such bias exists in common frequentist
estimators of multilevel model coefficients. In fact even OLS estimates of coefficients are un-
biased, yet not efficient. Secondly, Stegmiiller only considers only maximum likelihood (ML)
estimators and not a more appropriate variant for estimation and inference in multilevel mod-
els with small numbers of higher-level units, namely restricted maximum likelihood (REML)
(Patterson and Thompson 1971). Second, when analysing the coverage performance of inter-
val estimates, Stegmoiiller only considers as frequentist confidence intervals only those based
on asymptotic normality, and does not consider improved confidence intervals, as sugges-
ted by Kenward and Roger (1997) that explicitely take into account the failure of asymptotic
normality of estimates for coefficients of group-level covariates. Third, in his Monte Carlo
studies, Stegmiiller does not take into account the inevitable variance of simulated averages
and thus is not able to distinguish between true simulated bias and the mere random depar-
tures created by Monte Carlo sampling error. We find that, if these limitations are addressed,
frequentist estimators are not as flawed as apparent from Stegmiillers simulations and that

Bayesian inference is not the panacea that he suggests.



The paper is organised as follows: In the next section we introduce the necessary notation
of multilevel models. In particular, we show how these models can be written in matrix
form that allows the formulate the relevant techniques of estimation and inference pertin-
ent to multilevel analysis. In the ensuing section we use this notation to show why coeffi-
cient estimates of normal linear multilevel models are unbiased when estimated using max-
imum likelihood techniques, and even using OLS, notwithstanding the number of higher-
level units. We further discuss the bias in variance parameters, that was not much discussed
by Stegmiiller (2013) and the potential that alternatives to ML have to address this bias. We
further discuss in that section how these arguments can be extended to generalised linear
mixed models, of which mixed probit, analysed by Stegmiiller, is a special case. And finally
we discuss in this section the potential of Bayesian inference to address such biases. This
theoretical section is followed by a report on a Monte Carlo study of three frequentist estim-
ators of parameters of multilevel models. Beside ML, we also consider OLS as an estimator of
coefficient and REML as an estimator of coefficient and variance parameters. We also invest-
igate the performance of variously constructed interval estimators. The Monte Carlo study of
frequent estimators is followed in another section by a Monte Carlo Study that compares fre-
quentist and Bayesian techniques and investigates the sensitivity of the Bayesian approach
to the choice of prior distributions. The conclusion of the paper summarises its results and

highlights its most important implications.

2 Linear and Generalised Linear Multilevel Models

Multilevel models are commonly used in the social sciences to simultaneously analyse the
effects of both individual and context-specific factors and covariates on individual behaviour
as well as the interaction of these two types of effects. In comparative analysis of political
behaviour, these contexts typically are countries. Often such multilevel models are specified
in a hierarchical form. While this hierarchical form is often more easy to understand from a
substantial perspective and therefore serves as the framework of the discussion of the per-
formance of estimators for the parameters of such model in Stegmiiller (2013), the expanded
form is better suited to explain estimation and inference for such models. This is why prefer

to discuss multilevel model in this expanded form.

To understand the relation between the hierarchical form and the expanded form of multi-

level models consider the case where there are individual observations, e.g. citizens, nested



in contexts, e.g. countries, thereby also considered as members in “groups”, “clusters”, or
“upper-level units”. Suppose one observes for each individual i, which is member in group
Jj, a value y;; of a variable of interest, e.g. support for the European Union, which has metric
level of measurement. Suppose further that one is interested in the effects of an individual-
level covariate with values xy;j, e.g. the amount of information about the EU, which may vary
across gross groups j. In addition, suppose that the group-level average of the response vari-
able y;; is influenced by a group-level covariate x,; and that the effect of the individual-level
covariate is also conceived as influenced by another group-level covariate x3;. This situation

can be expressed by the following set of equations:

Yij = aj + bjxlij + €jj (1)
aj = oo + Poixzj + uyj (2)
bj = Pro + Pr1xsj + uy; 3)

where oo, fo1, P10, and i1 are fixed, but unknown coefficients (which one wants to estimate),
and €, uy, and uy; are individual level and group-level disturbances or error terms (which e.g.
may represent either pure randomness or the effects unmeasured covariates). Substituting

equations (2) and (3) into equation (1) leads to the expanded form of the model:
Yij = Boo + ﬂ10x1ij + ﬂo1x2j + ,311x3jx1ij + Uij + Xq4U2j + €jj. (4)

In the language of multilevel modelling one usually would call Sy, S10, fo1, and fy; “fixed-
effects coefficients” of the covariates xy;j, x2j, and x3xy;j, and in particular y;; also as a “cross-
level interaction” of xy;; and x3; and the product x3;xy;; a cross-level interaction term. Further

uy; is typically referred to as a random intercept and uy; as a random slope.

Equation (4) can also be written in a form involving vectors:
Yij = xl']ﬁ + Z;ju + € (5)

where B is the vector with elements Sy, f10, fo1, and fi1; u is the vector with elements
U11,U21, - - - s Uim, Uzm (With m as the number of groups) x;; is the vector with elements 1, xy;j,
x2ij, and x3jxy;; (and xlfj its transpose); and finally z;; a vector with all elements equal to zero
except for those elements equal to 1 and x;j, respectively, at the appropriate places such that
zlfju = uyj +x1;jup;. If we collect the response observations y;; into the vector y and the errors

€;j into the vector €, if we further construct the matrix X with the vectors x;; as rows and



the matrix Z with the vectors z;; then we arrive at a special case of the more general matrix

form of multilevel models given by the following equation (6).

In general a linear mixed model (another term for the type of models just discussed) with
response vector y, random effects vector u, and disturbance vector € can be written in the
form

y=Xp+Zu+e, with Var(u)=® and Var(e) = oI, (6)

where X is a regressor matrix that contains the values of the independent variables, f is
a vector of “fixed effects”, and Z is a matrix appropriately constructed to reflect random
intercepts random slopes, and the grouping structure of the random effects. Further, @ is a
symmetric positive definite matrix, and I is a identity matrix of appropriate size. Usually, it
is assumed that the elements of € are assumed to be normal i.i.d. with zero expectation and
common variance o and u can be split into independent multivariate normal distributed

sub-vectors with zero expectation, such that @ is block-diagonal.

In case of a two-level random-intercept model with n observations, m groups at the second
level, and one independent variable with values x1,...,x,, then X is a n X 2 matrix, Z is a

n x m, @ is a m x m diagonal matrix and oI is a n X n diagonal matrix with

1 0]
1 x 1 0 0 o?
X=1|: |, Z= , &= , and oI =
1 x, 0 1 0 o?
0 1

In case of a two-level model with random intercepts and random slopes of the independent



variable Z is a n X 2m matrix and @ is a 2m X 2m matrix with

(1 x 0 0
(01 O
1 x, 0 0 012 a2
Z = , &=
0 0 1 x,41 011 Oz
: : 012 922_
0 O 1 x,

Generalised linear mixed models extend linear mixed models much in the same way as gen-
eralised linear models (McCullagh and Nelder 1989) extend linear regression models. A gen-
eralised linear mixed effects model involves response vector y with expectation E(y) = p
extends a generalised linear model by the inclusion of a random-effects vector u and thus

takes the form
g(pi) = ni = x;f + ziju, orin matrix form g(p) =n=Xp + Zu, (7)

again, with Var(u) = @. Here, ; refers to the linear component of the model. In most applic-
ations the elements of the response vectors are assumed to come from a distribution that is a
member of a exponential family which may involve further parameters, some of them related
to the dispersion or variance of the response. The class of generalised linear mixed-effects
models includes normal-linear mixed-effects models, where g(g) = pandy = p + €. It also

includes logistic mixed-effects models for binary responses, where g(y;) = In[y;/(1 — ;)]

The matrix notation of multilevel models — as linear mixed models and generalised linear
mixed models — allows to formulate the estimators for the parameters of these models in a
compact form and to elucidate their theoretical properties. This is the topic of the following

section.



3 Estimation and Inference

In his AJPS article Stegmiiller (2013) claims to have found that the estimates of covariate
effects (or fixed-effects coefficients, the elements of the vector f introduced in the previ-
ous section) obtained by maximum likelihood (ML) methods may be severely biased. By
discussing elementary implications of the structure of maximum likelihood estimators of
fixed-effects coefficients, we are able to show that point estimators of these are generally
unbiased in linear mixed models. Only estimates of the variances of random intercepts and
random slopes may be biased when estimated by maximum likelihood. We further discuss an
already well-known modification of ML — restricted maximum likelihood (REML) (Patterson
and Thompson 1971) — that at least leads to a bias reduction in the estimation of variance
parameters, if it does not even eliminate this bias. We also discuss the construction of in-
terval estimates and point out, referring to appropriate literature, that the usual assumption
of asymptotic normality may indeed lead to biased interval estimates (which tend to be too
short and lead to undercoverage) if the number of upper-level units of multi-level models
is small, but that there are ways to take this into account in such a way that one may ob-
tain interval estimates that are, if perhaps not completely unbiased, much less biased than
normality-based ones. We further discuss whether these arguments can be extended to the

case of generalised linear models.

The big challenge posed by linear and generalised linear models is that the random intercepts
and random slopes (which are the elements of the random vector u) are neither observed, nor
estimable model parameters. Any technique of estimating the parameters of these models
therefore cannot depend on the values of these random components. If in case of a linear
model with normal disturbance and an observed random vector u the “complete-data” log-

likelihood function would take the form
n 2 1 1 ’ 1., .
lep1(0;y,u) = c — Elna — Elndet(‘D) — F(y -Xp—-Zu) (y—Xp - Zu) - Eu d u (8)
o

so that ML estimation of the model parameters would be relatively straightforward. Yet since
u is unobserved, the actual log-likelihood used for estimating the model parameters cannot

depend on it.

The usual technique to eliminate unobserved data from a log-likehood function is to integrate

them out. In case of a linear mixed model with normal distribution of disturbances and



random effects, this leads to:
n 5 1
t(0;y) =c— Elna - Elndet(di)
1 1
+ ln/exp [—F(y - Xp-Zu)(y—XPp—Zu) - Eu'dflu] du
o

1 1 1
= =2 lno? -~ Indet(®) — - Indet (—2'Z + &~ 9)
2
2 2 2 o
1 ’ 1 ’ 1 ’ — = 4
- - XB (y=XP) ~ (- XPZ(ZZ+0) Z(y-Xp)

="~ 2 Indet(V) - -y - XB)'V "}y - XP)

where V = ¢?I+Z®Z’ and c and ¢’ are normalising constants independent from the data and
the parameters (see Jiang 2007; the integration rules relevant here can be found in Harville
1997).

If the variance parameters in o and @ are given, obtaining maximum likelihood likelihood
estimates for the fixed-effects vector f is relatively straightforward. One only needs to solve
the likelihood equation

XViy-Xp)=0 (10)

which leads to the GLS estimator
D ryr—1 -1,
Bais = (XVTX) X'V7'y. (11)

One important implication of this is that for any choice of ¢® and ® the ML estimator for
P is unbiased: If B is the true value of the fixed-effects vector B and if V is given by pre-

determined values of o? and @ then:
E(fois) = (X'V7'X) X'VE@y) = (X'V'X) " XVXB, = fi. (12)
It should be noted that even OLS estimators exhibit this unbiasedness, because
E(fows) = (X'X) ™' X'E(y) = (X'X) "' X'Xfy = fo. (13)

That notwithstanding, OLS estimators are less efficient than GLS estimators in the presence

of group-level variance components.

The main problem here is that no such simple solution exists for the maximum likelihood



estimates of the variance parameters, that is, the functionally independent elements of o and
&, which in the following are assumed to be collected in the vector 6. Since any ML estimator
6 therefore is not a linear function of any sufficient statistics computed from y, it cannot be
unbiased (see e.g. the literature cited in Elff 2014 [forthcoming]). That ML estimates are
often biased is however quite common and well-known. For example, let x be a vector of n
normal i.i.d. random variables with mean y and variance o then ML estimator for ¢ is the

uncorrected sample variance
n
1
A2 _ 2 _ )2
Oy =8 =~ E (x; — %)
=

which has expectation and bias (if the true value is 6

n—-1 1
o and Bias(é';aL) = —=0Z.
n

E(63;) =

Of course, the bias becomes negligible if n grows to infinity, but in small samples it may
be substantial. In case of variance parameters of a multilevel model, the situation may be
analogous, yet for the amount of bias of variance parameters other than o? it is not the
overall sample size that is relevant, but the number of groups the variance between of is

expressed by @ as shown by the simulation studies reported in Stegmiiller (2013).

The bias in the ML estimator of 8 and hence ® fortunately does not carry over to the ML
estimator of B: From equation (12) it follows that E( ﬁlé) = fo (where B, is the true value of

the fixed-effects coefficient vector) so that the law of iterated expectations leads to

E(B) = E4[E(BI®)] = E4(Bo) = Bo (14)

(a more rigorous proof is given by Harville 1976, see also Jiang 1999). On the other hand,
the bias in the ML estimator of 0 is likely to affect inferences about f: For given 6 (and thus
given V) the variance of the GLS-estimator of B is

A _ 1 -1 -1
Var(Bas) = (X'V7'X) L= (XX) T+ (X’Z [;Z’Z + cb‘l] Z’X) (15)

which increases with the variance parameters 6. Thus if 6 has a downward bias, so will
A A ~ —1 A~ A
Var(B) = (X’V_IX ) with V computed from the ML estimator 8. As a consequence, signi-

ficance tests and Wald tests of hypotheses about f will be anti-conservative and confidence



intervals will be too short in length.

That ML estimators of error variances are biased even in the case of linear regression with
normal distributed errors is a fact well-known enough to statisticians so that attempts were
made early on to correct the bias of variance parameters of linear mixed models. To this pur-
pose, a modified version of the ML estimator of variance parameters was developed by Patter-
son and Thompson (1971), the restricted maximum likelihood estimator or residual maximum
likelihood estimator (both abreviated as “REML”). This estimator for variance parameters of

mixed-effects models has been compared to the role that the corrected sample variance

1 n

2 -\2

scorr:n_1 § (xi_x)
i=1

plays as an unbiased estimator for a population variance. In the following we show that
REML is a special case of an estimator that maximizes the modified profile likelihood sugges-
ted by Cox and Reid (1987) (see also McCullagh and Tibshirani 1990a) of which the usual

unbiased estimator of the error variance in linear regression is another special case.

To understand maximum modified profile likelihood estimators, one needs of course to un-
derstand profile likelihood functions. Suppose g is the parameter vector of a statistical model
and suppose further that it can be split in to parts A and € such that the log-likelihood func-
tion {(y;y) = €(A,0;y) can easily maximized for A with € held fixed (as in the case of
regression coefficients in a normal linear model or the fixed-effects coefficients in a normal
linear mixed effects model). If ig denotes the value of A that maximizes ¢(A, 0;y) for 6 held
fixed then the profile log-likelihood function is a function of € alone defined as:

6,(0:y) = £(A9,0;)

In case of linear regression with normal i.i.d. disturbances the profile log-likehood function

with respect to the disturbance variance o2 is

n 1 A , A n 1,
bo(o%y) =c— EIHGZ - zftz(y—XﬁOLs) (y —XPors) = ¢ — EIHGZ ~ 5529 (I -Px)y

where n is the number of observations and Px = X[X’X]~1X’ (Harville 1997, 166fF). In case

of the linear normal mixed-effects model the profile log-likelihood function with respect to

10



the variance parameters in 0 is

T 1 1 A~ ) -1 A T 1 1 ’ -1
p(0:y) = ¢’ = Indet(V) = —(y—X o)’V (y—Xpp) = ¢’ — - Indet(V) - -y’ V" (I-Pxy-1)y
where Py y-1 = X[X'V'X]7' X'V~ (Harville 1997, 260ff).

The modified profile likelihood approach suggested by Cox and Reid (1987) consists in max-

imizing, instead of the profile log-likelihood just discussed, a modified version thereof, namely

0AON (16)

. 1 92(Ag; 0
np(0:9) = €(Ag.0:y) + - In det (—ﬁ)
In case of linear regression with normal i.i.d. disturbances, k independent variables and an

intercept, the modified log-likelihood function is

n 1 A , S 1 1 _,
tap(0®sy) = ¢ - EIUUZ - Tﬂ(y_XﬁOLS) (y — XPors) + Elndet (;XX)
n—k-1 1 s, A 1 ,
=C—- TIHO'Z — ﬁ(y _XﬁOLS) (y _XﬁOLS) + Elndet (XX)

since det (G_ZX’X) = (07%)k*1 det (X’X), because X’X is a (k + 1) X (k + 1) matrix. Now it
is easy to see that setting afmp(dz)/ d0? to zero leads to the well-known unbiased estimator
of o2, R R
52 = W= XPous)(y — XfoLs)
n—k-1

In case of normal-linear mixed models, the modified log-likelihood leads to the REML estim-

ator proposed by Patterson and Thompson (1971):
T 1 1 -1 1 ry—1
lmp(0:) = lren (0:y) = ¢’ — ~ Indet(V) + - Indet (xv'x) - YV I Pxy)y. (17)

In contrast to linear regression with normal i.i.d. disturbances, there does not exist a simple
solution formula for the variance parameters, as already the case with respect to maximum
likelihood. Nevertheless, REML estimators differ from ML estimators only in the way estim-
ates of variance parameters are computed, while the way fixed effects coeflicients are treated
is, for given values of the variance parameters essentially the same. Most importantly, in so
far as REML estimators can be viewed as a generalisation to multilevel models of unbiased
estimators of the error variance in linear regression. Thus, it seems reasonable to expect that

if variance parameters of multilevel models are estimated by REML instead of ML then the

11



coverage error of interval estimates of fixed-effects coefficients found by Stegmiiller (2013)

can be considerably reduced if not eliminated.

The correctness of confidence intervals, i.e. what Stegmiiller’s terminology would be the un-
biasedness of interval estimates, hinges not only on unbiased estimates of estimated standard
errors (which in turn depends on the unbiasedness of estimators of variance parameters), but
usually also on the correctness of the distributional assumptions about the sampling distri-
bution of point estimators. Standard statistical theory states that ML estimators are, under
suitable regularity conditions, consistent and asymptotically normal. Roughly speaking this
means that, first, whatever bias an ML estimator may have in small samples, this bias will
become negligible if the samples size approaches infinity and second, that the sampling dis-
tribution of the estimator will become close to a (multivariate) normal distribution centred
on the true parameter value with a known variance matrix. Further, not only are estimators
of parameters consistent under the suitable conditions, but also standard estimators of this
variance matrix of the sampling distribution of the parameters, the inverse of the information
matrix evaluated at the parameter estimates. Relying on this theory, most statistical software
uses a normal distribution for single-parameter Wald-tests and confidence intervals and a y?
distribution for likelihood-ratio tests and multi-parameter Wald-tests. The usual confidence

interval for coefficient S then can be constructed by

Bk,lower = ,Bk + Zo.ozsgﬁ (ﬁk) and Bk,upper = Bk + 20.975§E (ﬂAk) (18)

For the asymptotic theory behind such interval estimators to be valid, the number of inde-
pendent observations has to increase without bounds. Yet this does not hold for multi-level
mixed-effects models if the number of observations increases only within groups and the
number of groups themselves stays constant, because of the interdependence of the obser-
vations within the groups. If asymptotic normality cannot be guaranteed to hold multi-level
mixed-effects models with a small number of groups, normality-based single-parameter tests
and confidence intervals, as well as y?-based multi-parameter tests would be misleading, even
if the variance of the sampling distribution of parameter estimates were estimated without

bias.

Of course, the failure of asymptotic theory to account for the small-sample behaviour of ML
and related estimators has already been noted by theoretical statisticians. Indeed, it has been
shown that GLS-based standard errors (as in equation (15)) are only asymptotically valid

variance parameters need to be estimated and are biased if the sample size is small (Kenward

12



and Roger 1997). Kenward and Roger (1997) develop a formula to adjust for this bias in small
samples. The same authors also suggest a degrees of freedom adjustment for multi-parameter
Wald tests that goes back to Satterthwaite (1941). Such degree-of-freedom adjustments can
of course also be used for single-coefficient t-tests and for confidence intervals based on a
t-distribution (see also Manor and Zucker 2004). Such a confidence interval for a coefficient

B could then be constructed by

,Bklower = ,Bk + td,0.025§E (,BAk) and ﬁAk,upper = ,Bk + td,0.975§E (,Bk) (19)

where t70.025 and tg.975 are the 2.5 and 97.5 percentiles of the ¢-distribution with d degrees
of freedom. Using such confidence intervals based on a t-distribution instead of a normal
distribution could reduce the coverage error found by Stegmiiller (2013) even further, if it

does not eliminate it altogether.

Generalised linear mixed models beyond the normal-linear type pose additional challenges.
First, they lead to likelihood functions that involve (sometimes high-dimensional) integrals
that do not have a closed-form solution. Second, due to the non-linearity in the link between
coefficients and the conditional expectation of the response variable, coefficient estimates
inevitably are biased in small samples McCullagh and Nelder 1989 and it may be difficult
to establish how quickly this bias vanishes as the sample size increases (for bias correction
in generalised linear models, see Firth 1993). So the relatively reassuring result about the
unbiasedness of estimators for parameters in normal-linear mixed model, summarized by
equation (14), does not necessary carry over to generalised linear mixed models. In the fol-
lowing we first present the structure of generalised linear mixed models and discuss how ML

and REML estimation would work in this type of models.

If f(ylu; p,7) is the density or probability mass function of the conditional distribution of
the response for given values of the random effects vector, then the log-likelihood function

for a generalised linear mixed model takes the form of the integral

1 1
{(0;y) =c— 2 In det(®P) + ln/f(ylu;p,f) exp [—Eu’d')_lu] du (20)

for which a solution formula exists only if the conditional distribution of y given u is normal.
In the absence of a solution formula the integral involved in the log-likelihood function of
generalised linear mixed effecs models cannot be computed exactly, but only be approxim-

ated. The chief analytical approximation in use is the Laplace approximation (Breslow and

13



Clayton 1993), whereas the most widely used numeric approximations are Gauss-Hermite
quadrature and Monte Carlo integration (McCulloch 1997; Booth and Hobert 1999; Caffo et
al. 2005).

The crucial advantage of the Laplace approximation, introduced by Breslow and Clayton
(1993) as penalised quasi-likelihood (PQL), is that it makes it easy to translate the concept
of restricted maximimum likelihood to generalised linear mixed models beyond the normal-
linear case. The Laplace approximation rests on the second-order Taylor expansion of the
exponent integrand in (20) around its maximum and integration of the this quadratic approx-

imation of the integrand, which leads, with

0ln f(ylu; pu,7)

~ _ _1~:
o0 (u)—d 'u=0

to

1 1 ~ 1
(0;y) ~ c— 3 In det(®P) + ln/ exp [lnf(ylﬁ;p,r) + E(u —u)K(u—-u) - Eu’di_lu du

£ 1 1 ~ 1
== Eln det(®) + In f(ylu; pu,7) — 2 In det (K + <1>‘1) _ Eﬁ'qj-lu
(21)

Breslow and Clayton point out that, if the conditional distribution of the response is in a
exponential family, finding the PQL estimates for the fixed-effects coeflicients for given ¢

leads to the GLS-like estimation equation
XVIXg=XV'ly (22)

where y* is the usual “working response” known from the GLM literature (McCullagh and

Nelder 1989) with components

- (2)
Yy =10 v \Yi — fi on

and
V=W +ZoZ.

W™ is a generalised inverse of a diagonal matrix with diagonal elements

14



where the tilde (e.g. fi;) indicates these quantities are evaluated at u = u. Note that in this
situation we also have
K=ZWZ
By substituting the estimation for u
(ZWZ+® Vi =ZW(y —XPB)
and using a quadratic expansion for In f(y|u; g, 7) (22) can further approximated by

(0:y) ~ ¢ - 2 deV) - S (g" - XP)V (" - XB). 29)

which is similar to the log-likelihood in the normal-linear case. It should be noted that the
derivatives of (22) and (23) for the parameters involved in @ are virtually identical if the
dependence of /§ and u on @ is taken into account. As pointed out by Breslow and Clayton
(1993), equation (23) can be used to introduce a “REML-like” variant of PQL:

00;y) ~ ¢ - %det(f/) - %(y* - XB)V (y" - XPB) - %det (xv'x). (24)

It should be noted that the accuracy of the Laplace approximation depends on the group size
(and but not on the number of groups). With smaller group sizes, the Laplace approximation
may lead to bias (usually a downward bias of the variance parameters). For dealing with
such situations, bias-corrections based on a higher-order Laplace approximation have been
proposed (Breslow and Lin 1995; Lin and Breslow 1996) as well as Monte-Carlo integration
approaches, that allow to increase the accuracy of the appoximation of the integrals involved
in the likelihood to any desired degree by increasing the number of Monte Carlo replicates
(algorithms for automatically increasing the Monte Carlo sample sizes have been proposed
by Booth and Hobert 1999 and Caffo et al. 2005). How the “logic” of REML can be applied to
these setups is much less straightforward, but see McCullagh and Tibshirani (1990b).

The implications of this discussion can be summarised as follows: (1) ML estimates of fixed-
effects coefficients in linear mixed models are generally unbiased but (2) ML estimates of
variance parameters in these models are biased, especially if the number of groups is small.
(3) A downward bias of ML estimates of variance parameters leads to a downward bias of
estimated standard errors and to interval estimates with that cover the true parameter value

with lower probability than the nominal confidence level. (4) REML, a modification of ML,
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has the potential to reduce the bias of variance parameter estimates and the undercoverage
of interval estimates of coefficient estimates. (5) If the number of groups is small, the bias
correction provided by REML may not be sufficient to guarentee a satisfactory coverage per-
formance of interval estimates if these are based on the assumption of asymptotic normality.
(6) The failure of asymptotic normality can at least approximately corrected by basing inter-
val estimates on an appropriate ¢-distribution. (7) Since coefficient estimates in generalised
linear models are generally biased in small samples, they are no less likely to be biased in
generalised linear mixed models. (8) It remains an open question whether REML estimation
of variance paremeters in generalised linear mixed models leads to a bias reduction in the
same way as it does for normal linear mixed models and whether the use of a t-distribution
for interval estimates of coefficients in generalised linear mixed models leads to the same

amount of reduction in coverage error as in the case of normal linear mixed models.

The central claim made in Stegmiiller’s (2013) article is that frequentist point and interval
estimators of coefficients in multilevel models are seriously biased if the number of higher-
level units is small and that Bayesian techniques are superior in so far as they exhibit much
less bias. The previous discussion should make clear that it would be premature to conclude
from a bias in ML estimators that frequentist techniques in general are flawed, since ML is not
the only estimator relevant for multilevel models and asymptotic normality is not the only
possible assumption on which to base the construction of interval estimates. The question
thus arises what Bayesian techniques can contribute to the improvement of ML estimation.

We therefore discuss how ML and Bayesian techniques differ.

The fundamental difference between frequentist and Bayesian inference is that, while in
the frequentist framework model parameters are treated as fixed but unknown constants,
Bayesian inference treats them random variables. Here one is interested in the conditional
distribution of the model parameters given the data and a pre-determined prior distribution,
a probability distribution supposed to reflect knowledge about the parameters before the data
are acquired and analysed. In essence, Bayesian inference rests on applying Bayes’ theorem
to model parameters. To illustrate, let 0 be the vector of all parameters in a multilevel model
and let p(0) the density function of the prior distribution of the model parameters (in short,
the prior density), let p(y|@) be the conditional distribution - the likelihood — of the observed
data (of the response variable in the model) given the values of the parameter values 6, and
p(Oly) the density function — the posterior density — of the conditional distribution of the

parameter vector given the observed data — the posterior distribution. Then this posterior
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density is given by Bayes’ theorem:

p(yl0)p(0) p(yl@)p(0)
0 = = .
PO = ) T Thrwlo)p©)do

(25)

The principal relation between Bayesian inference and maximum likelihood estimation rests

on the fact that the likelihood function in both approaches is identical, that is, p(y|0) =
exp(£(6;y)).

Once the posterior density p(0|y) is derived, it is possible to construct “Bayesian point es-
timates” of the parameters, which come in two principal variants. One variant of Bayesian

point estimates is the posterior mean

EOly) = [ 0-p(0ly) a0
and the other variant is the posterior mode

mode(6|y) = argmax, p(fly) = argmax, p(y|6)p(6))

where the latter equality holds because the normalising constant p(y) of the posterior density
does not depend on 6. It is easy to see that if the posterior expectation exists and if the

posterior density is symmetric, then these two variants give identical results.

Bayesian inference is in general confronted with two principal challenges: (1) a prior dis-
tribution has to be chosen — and this decision may influence its results — for which many
options are available; and (2) the functional form of the posterior is often unknown because
the integral in the denominator does not have a closed-form solution. The only setting where
the functional form of the posterior is known arises when the prior distribution, identified
by p(0) is conjugate to the conditional distribution of the data, identified by p(y|0@). The
first problem is minor if the amount of data is large enough so that the shape of the pos-
terior density is dominated by the likelihood. But in this case, ML and Bayesian inference
are unlikely to yield different results. The second problem is usually addressed by a Monte
Carlo approximation to the posterior distribution, the most popular approximation being the
Markov Chain Monte Carlo (MCMC) method using a Gibbs sampler.

If inferences about random intercepts and slopes are made, they are already Bayesian even if

the variance parameters are estimated from the data. In this context, the distribution of the
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random intercepts and slopes, which usually is assumed to be (multivariate) normal, can be
considered as a prior distribution, and if ML (or REML) estimates of the model parameters are
computed using an Expectation-Maximization algorithm the posterior means of the random
intercepts and slopes emerge as a “by-product” of the computations (Dempster et al. 1977;
McLachlan and Krishnan 2008). In this case one can talk of thus predicted values of the
random intercepts and slopes as empirical Bayes predictions (Carlin and Louis 1996; Casella
1985). A “fully Bayesian” approch in contrast also assumes that the fixed-effects coefficients

and the variance parameters have a probabity distribution.

In a typical Bayesian approach to inference about linear mixed model of the form given by
equation (6) one uses a multivariate normal distribution as prior for the coefficent vector g,
an inverse-Gamma distribution as prior for the individual level variance parameter o2, and
an inverse-Wishart distribution as prior for the variance matrix ¢. While it is in general dif-
ficult to desribe the resulting posterior distribution, a reason why also in this setting MCMC
simulation with Gibbs-sampling is used, some statements can be made about posteriors in a

simple version of this model.

Consider a simple two-level model with only a random intercept (and no random slope).

Such model can be written as

Yij ~ N(aj+bx1,~j,02)
aj ~ N(Poo + Porxz9)

for which we derive two conditional posteriors for fy; and ¢. This is because both parameters
are discussed by Stegmiiller (2013).! As stated above, the data are assumed to be normally

distributed, which leads to the following fully conditional distribution of the observation

Y-

g — N2
p(yijlaj,b,0%) o exp {_(yw aj = Prox1i) }

2
o 20

The conditional density of the random intercept a; is

2 o RN exp 4 — (aj — Poo — ,301x2j)2}
p(a;jl Boos Po1»§) 73 P{ 2

IFor the posteriors of a model including random slope see e.g. Seltzer et al. (1996).
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By assuming a normal prior for fy;:

Por ~ N(po1,7o1) (26)

Bo1’s conditional posteriors can be derived as follows:

p(Poil-) &< p(ajl foos for, p)p(Bor)

o niex {_(aj—ﬁoo—ﬁmxzj)z} 1 oxt { (o1 — l101)}
1775 29 TR S

) D(Po1 — po1)* + To1 Xj(aj — Poo — Porxzj)?
<expi (- =

(_1) (¢ + 701 2 xzj )B31 — 2(Ppor + To1 X x2i(a; — Poo)) Por
¢T01

Therefore:

Bl ~ N(¢/101 To1 25 X2(aj — ,300) 101 )
ol $+ 101 3, %2, "+ o X
Obviously the prior is an important source for the difference in the ML and Bayesian es-
timates. That is, by setting a smaller value in 7y; researchers can set up certain informative
priors which significantly affect the posterior. In this case, Bayesian estimation can lead to
point and interval estimates which are different from ML. In contrast: If 7y; approaches to

oo, that is, in case of very flat prior the posterior is reduced to:

(Z} 2](] ﬁOO)' QZS )
ZJ 2j ’ijgj

lim ﬁOll- ~ (27)

Tp1 —00

Note that the posterior’s expected value is only conditioned by a; and fy, and corresponds to
the maximum likelihood point estimate for given a; and fy,. Analogous conditional posterior
can be also derived for a; and fy, which also corresponds to the maximum likelihood point
estimate. Therefore, the maximum likelihood estimation and Bayesian estimation should

deliver a same point estimate independently from ¢ in case of uninformative priors.
Now we move on to ¢’s conditional posterior. By assuming inverse gamma prior:

¢ ~ IG(a,b)
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we can derive ¢’s conditional posterior as follows:

P@1) o p(ajlfoo. for. $)p(@) ﬂ exp{ _ﬁ°°2;ﬁ°1x”)} 1exp(—ﬁ)

After some algebra we obtain:

1 2.j(aj = Poo - Borxzj)* + Zb)
’ 2

p(gl.) ~ IG(% +

Here again, by setting a significantly large number in a and b prior information can add ad-
ditional information to the likelihood. If we, however, specify a very small value for a and b
the ML and Bayesian point estimates can still differ since the inverse gamma distribution is
asymmetric and right-skewed. That is, the maximum of likelihood is smaller than the expec-
ted value of posterior. Correspondingly ML estimates of ¢ is smaller than the corresponding

posterior mean (Rubin 1981).

The issue of skewed posterior distribution of ¢ is in particular relevant if we have a small
number of groups e.g. m=5 (Rubin 1981; Draper 1995). In this case, not only the difference
between ML and Bayesian estimates, but also the issue about the choice of the prior is im-
portant. It is well known that the prior distribution has a larger impact if the amount of
observed information pertinent to the parameter, in the present case the number of gruops,
is small. In the case of inverse gamma priors one can see both parameters of the posterior
distribution in equation 3 strongly depend on m. And if one has smaller value for m different
values in a and b lead to a significant difference in the resulting posterior distribution of ¢
(Gelman and others 2006).

As an alternative to such skewed prior distributions uniform priors on the the variance para-
meters have been suggested in the literature. Yet the choice of such a uniform prior is not
straightforward, rather there are different options: (1) a uniform distribution on log ¢, (2) a
uniform distribution on \/5, and (3) a uniform distribution on ¢. It is well known that the
latter two priors leads to larger posteriors of ¢. In particular the uniform distribution on ¢
(variance) strongly boosts the posterior distribution (Gelman and others 2006). Additionally
Gelman and others (2006) suggests a half t-family priors which can also deal with a totally

skewed and censored posterior whose maximum corresponds to zero.
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4 The Bias of ML and REML Point and Interval
Estimators — A Monte Carlo Study

In the present section we present a Monte Carlo study on the bias of point estimates of fixed-
effects coeflicients and variance parameters of linear mixed models and generalised linear
mixed models and on the coverage error of interval estimates of fixed-effects coefficients in
these models. This Monte Carlo study serves several purposes. Firstly, we aim to examine
how it is possible for Stegmiiller (2013) to find a bias in fixed-effect coefficient estimates
even if the theory discussed in a previous section indicates that such a bias does not exist
in theory. Secondly, we aim to examine the degree to which REML and a t-distribution
assumption leads to interval estimates of fixed-effect coefficients that achieve a coverage of
true parameter values close to the nominal level of confidence. Third, we aim to examine the
degree to which arguments pertaining normal linear mixed models also work for generalised
linear mixed models at least in situations with large group sizes typical for cross-national

survey research on political attitudes and behaviour.

To these purposes we replicate a part of Stegmiiller’s Monte Carlo study, but we also extend
it by considering OLS and REML estimators for fixed-effects coefficients and REML estimat-
ors for variance parameters in linear mixed models. We further extend Stegmiiller’s study by
considering REML-type estimators for parameters in mixed probit models. Like Stegmiiller,
we vary the number of groups in the Monte Carlo simulations of the linear mixed and mixed
probit models as we vary the true values of the variance parameters, but in contrast to Steg-
miiller, we use a larger number of Monte Carlo replications (2,000 instead of 500) and present
the result in somewhat more detail. Not only do we show the results for different true values
of the variance parameters — to elucidate the effect of group-level variance on the perform-
ance of the various estimators — but, more importantly, we make explicit the consequences

of Monte Carlo error.

It is of paramount importance in the interpretation of the results of Monte Carlo studies to
keep in mind that they cannot be exact. To clarify, consider a typical Monte Carlo study of
the bias of an estimator of a parameter 6. Here one generates R data sets from a probability

distribution with true parameter value 6, applies the estimator to each of data sets to obtain
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parameter estimates o) (with r = 1,...,R) and estimates the bias of the estimator by

R

blasR = Z 6" —

By the law of large numbers we have that

~

plimg_, E(0) hence phmR_)ooblasR(é) biasR(é),

|-
Mw

but if the parameter space of 0 is continous, t;a\sR(é) # 0 almost surely, even if biasR(é) =0,
as long as R is finite. In other words, as long as the Monte Carlo study has a finite number of
replications, a simulated bias in a Monte Carlo study will randomly differ from zero even if
the true bias is zero. In order not to be mislead by random departures that occur almost surely
(i.e. with probability one) Monte Carlo estimates of bias should always be accompanied by a
measure of Monte Carlo error, for example by confidence intervals. Since such a simulated
bias is a arithmetic mean, one can rely on the central limit theorem and construct a confidence
interval for biasR(é) based on normal distribution quantiles and the Monte Carlo standard

error

R llR()2 1 & 2
#[5207)- Vil zoor -2

=1

’JU |

In the presentation of our Monte Carlo study we not only report the simulated biases, but
also 95 percent confidence intervals for various settings of the number of groups and the size
of variance parameters. Such confidence intervals will contain the true bias with 95 percent
probability. However, if we simulate a bias under various settings, where the number of
settings may be for example 3 - 5- 6 = 90 — for three estimators (OLS, ML, and REML),
five settings of the variance parameter and six settings for the number of groups - then the
probability that all confidence intervals of these biases cover the true biases is only 0.95% =
0.00988, i.e. less than one percent. For this reason we not only report conventional confidence
intervals but also Sidak-corrected confidence intervals, which are wide enough so that the
true bias is contained with 95 percent probability by all confidence intervals (Sidak 1967).
The Monte Carlo study was conducted with the statistical software R (R Core Team 2013).

In the first experiment, we examine the performance of OLS, ML, and REML estimators for

the coefficient of a two-level random-intercept model with two independent variables x; and
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x; and a dependent variable y. The model is formulated as
Yij = Po + Prxuij + Paxoj + uj + €

where i denotes the running number of the individual observation and j denotes the run-
ning number of the group which the individual observation is a member of, y;;, x;;, and xy;
are elements of y, x, and x;, respectively, u; are group-level elements of the random effects
vector u (each with a normal distribution with zero mean and variance ), ¢;; are the ele-
ments of an individual-level disturbance vector € (each with a normal distribution with zero
mean and variance ¢2). That is, the elements of the vector x; vary across individuals and
groups, whereas the values of the vector x; vary only across groups, but are constant within

groups.

In the experiment, we vary the number of groups m within the set {5, 10, 15, 20, 25,30} as well
as the intra-class correlation p = 0/(c? + 0) within the set {0,0.05,0.1,0.15,0.3}. Througout
the settings, the values of the coefficients are fixed at fy = 1, f; = 1, and f; = 1. Further,
the individual level disturbance variance is held fixed at 6% = 1, so that the variance of the
random effects variance is determined by ¢ and p as @ = ¢?p/(1 — p). Like in Stegmiiller
(2013), the number of observations within each group is 500. For each combination of settings
of intra-class correlation and number of groups 2000 times data were generated accoring to
the two-level random intercept model (the values of the independent variables each having a
standard normal distribution). We use the R-package nime (Pinheiro et al. 2013) for obtaining

point and interval estimates of fixed-effects coefficients and variance parameters.

Figure 1 shows the simulated bias of the OLS, ML, and REML estimators of f;, the coefficient
of the predictor x; that varies both between individuals and groups. The dots connected by
lines in the diagram show the average differences between estimates and the true value of
the coefficient in terms of the percentage of the true value. The dark-gray areas represent
conventional 95 percent confidence intervals of the simulated relative bias, the light-gray
areas represent Sidak-corrected confidence intervals. These gray areas represent the Monte
Carlo error created by the fact that the number of replications is finite. In the same vein Figure
2 shows the simulated bias of the tree estimators of f5,, the coefficient of the predictor x; that
is constant within and varies only between groups. Finally, Figure 3 shows the simulated

bias of the three estimators of 8, the variance of the group-level random slopes.

The two figures provide Monte Carlo evidence for the claim that there is no systematic bias
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Figure 1: Relative simulated bias (in per cent) of the estimated (fixed effect) coefficient f; of
the predictor x; that varies across individuals and across croups.
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in the estimates produced by any of the estimators whatever the number of the groups or the
amount of intra-class correlation. The average simulated bias departs from zero considerably
in some of the settings, especially in Figure 2, but this should not be mistaken for a substantial
bias. Instead, these departures stem from the fact that estimates vary and their averages
therefore also vary. That is, the departures from zero that average simulated bias exhibits in
the simulation study is merely the consequence from the fact that the number of replications
(simulation runs) is finite. In most instances their 95 per cent confidence intervals envelope
the zero line and the corrected confidence do so in all settings. That is, if the number of
simulation runs were increased, these confidence intervals would get shorter, but also the
departures of the simulated averages would get closer to zero. (The fact that the diagrams
in Stegmiller (2013) do not show such simulation confidence intervals may however convey
the misleading impression that there is a substantial bias in the coefficient estimates.) What
the unsystematic departures of the average simulated bias of the estimates of f, in Figure 2
mostly show however is how much their variability increases with the intraclass correlation.
Yet the choice of the estimator seems to have little impact of the amount of variability. Of
course, all this should not surprise, since it can be mathematically proved that no such bias

exists.

While the theoretical discussion above indicated that no bias exists in ML estimates of fixed-
effects coefficients, it also suggested that ML estimates of variance parameters may be biased,
especially if the number of groups is small, even though it was not possible to derive the size
of this bias (as opposed to the bias of ML estimates of error variances in normal linear regres-
sion). The dicussion of REML estimators also suggested that they may lead to a reduced bias,
if not its elimination. Figure 3 allows to appreachiate the bias of ML and REML estimates of
a variance parameter, it shows the relative bias of the group-level random intercept variance
0 when estimated by these methods (since OLS does not provide such estimates OLS, results
are not shown in the figure). ML leads to a clear downward bias of the variance parameter
estimates, which amounts to minus 40 percent when there are only five groups, but which
gets smaller in size as the number of groups increases. Yet still if there are 30 groups, the
bias is at least minus five percent. In contrast, the REML estimator does not exhibit any such
bias. Instead, the average simulated bias stays closely to the zero line and its confidence in-
tervals encompass it in all settings of number of groups and intraclass correlation. That is,
even if the number of groups is only five, the bias in the estimated random-effects variance

is negligible.

In the second experiment, model of the first experiment is extended by the inclusion of ran-
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dom slopes of the predictor x1, so that it takes the form
Yij = Po + Pixuij + Paxaj + uoj + urjxiyj + €5

In this simulation experiment we vary the number of groups and the proportion of the
random-effects variances relative to the residual variance (designated again as p, where
01, = 053 = po?) and the number of groups. Yet we hold the fixed-effects coefficients constant
at fy = 1, 1 = 1, and f, = 1. Further, we fix the correlation between the random slopes and
random intercepts at 6,/ V611055 = 0.05. In a third experiment we add to the random-slope

model just described a cross-level interaction, so that the resulting model takes the form
Yij = Po + Pixuij + Paxaj + Paxuijxa; + uoj + urXj + €5

We vary the number of groups and the random-effects variances in exactly the same way as
in the second simulation experiment and also fix the correlation between random slopes and
random intercept at 015/ V01165 = 0.05. The coefficients of the fixed effects coefficients are
settofo=1,p1 =1, =1,and B3 = 0.3.

With respect to the estimates of the coefficients, our second and third simulation experiments
do not lead to any different conclusions in terms of bias: any departure from zero by the
average simulated bias stays within the bound of sampling error. Therefore, to save space
and to avoid repetition, we do no show the the results from the second and third simulation
experiments with respect to the simulated bias of ML and REML estimators of the coeflicients
of the individual-level predictor x; and the group-level predictor x,. But since Stegmdiiller in
particular claims that ML estimators “can be severely biased ... especially in models including
cross-level interactions” we do show in Figure 4 the simulation results with respect to the
ML and REML estimators of the coefficient f5 of the cross-level interaction term x; * x.
As becomes obvious from this figure, not even the estimates of the coefficient representing
cross-level interaction effects shows any systematic bias or any departures from the true

value of the coeflicients that cannot be attributed to the inevitable Monte Carlo error.

That notwithstanding, REML estimates for variance parameters when only 5 groups are
present can be highly unstable. First, we incur requent non-convergence, and second, when
the REML algorithm does converge the resulting estimates are highly volatile. This becomes
apparent in Figure 5 that shows the simulated bias of the estimates of the variance of the

random intercept in the second simulation experiment: The estimates now appear to be up-
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wardly biased. However, this seems to be rather a consequence of a high volatility of the
estimates due to non-convergence or near non-convergence. That REML struggles with a
random slope model for 5 groups should not surprise, however. In this case there are effect-
ively 5 degrees of freedom available for estimating three parameters in case of ML. REML
now further corrects this by taking into account the loss of degrees of freedom incurred by
the presence of fixed-effects predictors in the model. In effect this reduces the number of

available degrees of freedom to zero.

In the theoretical discussion of interval estimates of fixed-effects coefficients, we indicated
two sources of potential undercoverage of true coefficient values: First, estimated standard
errors may be too small because variance parameter estimates are biased downward and,
second, asymptotic normality may fail to apply to the sampling distribution of the para-
meters, thus invalidating the usual technique of constructing confidence intervals. In the
following we present further results of our Monte Carlo study. Instead of discussing the
simulated bias we discuss the simulated coverage performance of various interval estim-
ates: normality-based confidence intervals with variance parameters estimated by ML and
REML, confidence intervals based on a ¢-distribution with degrees of freedom obtained with
the heuristic method implemented in the R package nlme, and confidence intervals based
on a t-distribution with degrees of freedom obtained by the method of Kenward and Roger
(1997).

Figure 6 shows the simulated coverage error of normality-based confidence intervals from
ML and REML estimates of the coefficient f; of a predictor variable x; that varies mainly
between individuals. Quite obviously, normality-based confidence intervals show a satis-
factory coverage performance. Irrespective of group size, intraclass correlation, or estimator,
the true parameter value is covered in 95 per cent of the replications, barring sampling error.
That is, the average coverage percentages do depart from 95 percent but these departures
stay within the limits of random variation due to the finiteness of the simulated samples

(again, the 95 per cent of the confidence intervals of the coverage errors include zero).

With regards to the coverage of the coefficient 3, of a predictor x; that is constant within
groups and variant only between groups the finding is different, the finding is different. ML
estimation and normality-based interval estimators show a serious amount of undercoverage,
especially if the number of groups is small. With only 5 groups, the 95 percent interval
estimate covers the true parameter values in just about 80 percent of the replications. The

coverage performance increases as the number of groups increases, but persists even with
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vals for coefficient S, of the predictor x, that varies only across croups.
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Figure 8: Simulated coverage error of nominal 95 per cent confidence intervals based on a
Student’s t-distribution for coefficient 3, of the predictor x; that varies only across
croups, where the degrees of freedom are determined by the nlme heuristic.

30 groups. When REML estimation is used, the coverage error is only slighlty better, in the
worst case of only 5 groups the undercoverage is about 10 percent instead of 15. That is, the
abysmal coverage performance of the interval estimates of the coefficient of a group-level
variable cannot be solely attributed to the downward bias of the estimate of the group-level

variance.

Figure 8 shows the coverage performance of interval estimates based on a ¢-distribution with
degrees of freedom determined using the heuristic method implemented in the R-package
nlme (Pinheiro et al. 2013). This method proceeds as follows: if the covariate is constant
within groups, then the number of groups minus the number of coefficients is chosen as the
degrees of freedom, otherwise the total number of individual observation minus the num-

ber of coefficients is chosen as the degrees of freedom (just as usual for test statistics and
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Figure 9: Simulated coverage error of nominal 95 per cent confidence intervals based on a
Student’s t-distribution for coefficient S5 of the cross-level interaction term x; * x,
where the degrees of freedom are determined by the nlme heuristic.

confidence intervals in linear regression estimated by OLS). As the left-hand panels in the
diagram show, moving from a normal to a ¢-distribution does not lead to a satisfactory cov-
erage of interval estimates based on ML point estimates if the number of groups is lower
than 25. But the right-hand side panels indicate that nominally 95 percent interval estimates
obtained from REML and a t-distributions attain, within the limits of inevitable Monte Carlo

error, the correct coverage of 95 percent of the replications.

Unfortunately, the relative simple heuristic to determine approximately the correct degrees
of freedom does not seem to work for coefficients of cross-level interaction terms. As Figure
9 shows, the interval estimates computed based on a ¢-distribution with degrees of freedom
determined by the heuristic method show a considerable amount of undercoverage, even

when they are based on REML. Since cross-level interaction terms are products of individual-
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Figure 10: Simulated coverage error of nominal 95 per cent confidence intervals based on a
Student’s t-distribution for coefficient 5 of the cross-level interaction term x; *x5.

level covariates and group-level covariates, they vary within groups, so that the heuristic
method of degree-of-freedom assignment uses the number of observations rather than the

number of groups as point of departure.

Because the assignment of degrees of freedom based on the heuristic method does not seem
to work, we repeated our simulation experiment, with estimating the models using the R-
package lme4 (Bates et al. 2014) instead of nlme and with interval estimates obtained from
the package pbkrtest (Halekoh and Hejsgaard 2013). Because replications with this setup
were quite time-consuming?, we restricted the simulation experiment to a single setting,
with 10 groups and the ratio of random-intercept/random-slope variance and individual-
level variance set to 0.3. The results of this reduced simulation study are shown in Figure
10.

Figure 10 depicts the coverage error of interval estimates for the three fixed-effects coef-
ficients of a two-level model with a random-intercept, a random slope, and a cross-level
interaction. While we found for the cross-level interaction coefficient a considerable de-
gree of undercoverage if the heuristic method of determining the degrees of freedom of the
t-distribution is used, we do not find such an undercoverage if the more rigorous Kenward-

Rodger method is used. Instead of an undercoverage, the degree of coverage error is rather in

22000 replication with a single setting of the simulation study required several hours, even when run in 80
parallel tasks on the recently installed bwUniCluster.
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the positive direction, the Kenward-Rogers interval estimates are very lightly conservative.
However, this overcoverage is not statistically significant, the 95 percent confidence intervals

of the coverage errors of all three coefficients contain zero.

To summarise the results of our Monte Carlo study so far: The theoretical argument implying
the unbiasedness of fixed-effects coeffient estimates is borne out by simulation. There is
hardly any coverage error in conventional interval estimates of fixed-effects coefficients of
covariate that vary within groups, while interval estimates based on a t-distribution with the

appropriately determined degrees of freedom also attain their nominal level of confidence.

In the following, we present a Monte Carlo study to examine the degree of bias of PQL
and PQL/REML estimators in the case of large group sizes and small numbers of groups.
Since our simulation results for the normal-linear case were essentially the same for a model
with random intercepts only, for random-intercepts and random-slopes, and for random-
intercepts, random-slopes, and cross-level interactions, we conduct our simulation study of
a generalised linear mixed-effects model with random-intecepts only. If the adjustments
discussed previously break down with the simplest variant of a generalised linear mixed-
effects model, then they should break down also for more complex specifications. However,

if they do work, we do not expect them to perform differently in more complicated setups.

Following Stegmiiller (2013), we consider a two-level probit model with a predictor variable
x; that varies within and between groups, a predictor variable x; that is constant within but
varies between groups, and group-level random intercepts. The model is formulated as

Hij

In = = Po + Pix1ij + Paxyj + u;  where p;; = E(Y;;) = Pr(Y;; = 1),
ij

with fy = 1 = B2 = 1. Again we vary in our Monte Carlo study the number of groups
between 5 and 25, and also the variance of the group-level random intercepts between 0.1
and 0.3. In each Monte Carlo replication, data were generated according to the random-
intercept two-level probit model and fitted with a modified version of Venables and Ripley’s
function glmmPQL (Venables and Ripley 2002). The original version of this function does
not support the REML modification of the PQL estimator discussed above, so we needed to
slightly modify this function to allow for this. The code for this modified function, which we
call glmmPQL1 can be obtained from the first author of this paper.

Figure 11 shows the simulated bias of the fixed-effects coefficient of the individual-level co-
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Figure 11: Relative simulated bias (in per cent) of the estimated (fixed effect) coefficient f;
of the predictor x; that varies across individuals and across croups; two-level
random-intercept probit model.
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Figure 12: Relative simulated bias (in per cent) of the estimated (fixed effect) coefficient f,
of the predictor x, that varies only across croups and is constant within groups;
two-level random-intercept probit model.

variate x; with various group sizes and values of the random-intercept variance. Apart from
a group size of 5, there does not seem to be any apparent bias that cannot be attributed to
Monte Carlo sampling error, since all confidence intervals of the simulated bias include zero.
For a group size of 5, the confidence intervals of the simulated bias does not include zero in
two instances, yet even for a 95 percent confidence interval this could be expected to hap-
pen occasionally. Further even if we had to consider these departures as significant, they are

hardly substantial in their relative size: They all seem to stay below one half of a percent.

As can be seen in Figure 12, the results with regards to the bias of the fixed-effects coefficient
of the group-level covariate x; in the two-level probit model are hardly different from those
obtained for the two-level normal-linear model: Coeflicient estimates show a substantial

dispersion if the group sizes are small, yet on average they do not exhibit a bias, since the
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Figure 13: Relative simulated bias (in per cent) of the estimated variance of group-level ran-
dom effects; two-level random-intercept probit model.

bias confidence intervals include zero throughout.

Also with regards to a bias of the estimates of the random-intercept variance we arrive at
similar results to those obtained for the normal-linear case. If estimated by original PQL, the
variance estimates show a clear downward bias of up to -40 percent. But if the REML variant
is used instead of unmodified PQL, this bias seems to disappear, or rather, its 95 percent
confidence interval includes zero in all settings of the number of group and size of the true

random-intercept variance.

With regards to the interval estimates of fixed-effects coefficients, our Monte Carlo experi-
ment does not lead to any substantially different results as with regards to the normal-linear
mixed-effects model. Since it were the interval estimates of fixed-effects coefficients of group-

level covariate of fixed-effects coefficients of group-level covariates that were particularly
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Figure 14: Simulated coverage error of nominal 95 per cent confidence intervals based on a

Student’s t-distribution for coefficient f, of the predictor x; that varies only across
croups, where the degrees of freedom are determined by the nlme heuristic; two-
level random-intercept probit model.

affected by a bias in point estimates of random-intercept variances, we discuss only these, to

save place.

We already saw in the previous section that interval estimates constructed on the assump-

tion of normality of the sampling distribution of the estimates tend to be too short to attain

their nominal coverage of the true parameters, whereas if interval estimates based on a ¢-

distribution with the appropriate number of degrees of freedom cover the true parameter

value roughly in at their nominal level if parameters are estimated via REML rather than

ML. Figure 14 indicate that the same seems to apply to the case of two-level probit models

with random intercepts, at least if the group sizes are large enough. As can be seen in the

panels on

the left half of the diagram, interval estimates based on unmodified PQL exhibit
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a clear under-coverage of the true parameter value if the group sizes are small, a bias that
tends to get smaller as the number of groups increases. This bias in coverage is substan-
tial, the actual coverage of true parameter values occurs between 2 and 4 percent less often
than to be expected from a nominal 95 confidence interval. But in case of PQL-REML no
such undercoverage seems to occur. The simulated coverage error stays close to zero and the
sole instances where confidence intervals of the coverage error do not include zero indicate

overcoverage rather than undercoverage.

Our Monte Carlo study concerning mixed probit models essentially do not lead to substan-
tially different results than the study of normal linear mixed models: At least if the group
size is large enough (i.e. 500) there is no substantial bias in the estimates of the fixed-effects
coefficients and the bias in the estimates of variance parameters can (almost) eliminated by
estimating them with ML instead of REML. Further, if variance parameters are estimated
without substantial bias and if a t-distribution with the appropriate number of degrees of is
used to construct them, interval estimates attain (approximately) their nominal confidence

level.

5 Differences between Bayesian and ML estimates

As discussed above ML and Bayesian estimates should differ only in their variance estimates
which also affect the interval estimates of fixed effect parameters. However, their point es-
timates should not be affected. To show this we focus on the random intercept model above
with m = 5 and p = 0.1. As in the Monte Carlo simulations in the previous section we gener-
ate 2000 random data sets from which we calculated ML estimates as well as Bayes posterior

means based on an MCMC algorithm with Gibbs samplers, using the following priors:*

¢ ~ IG(0.0001,0.0001)
¢ ~ 1G(0.1,0.1)

Vé ~ Unif(0,1000)
¢ ~ Unif(0,1000)

3Tor the Gibbs samplers we used JAGS (Plummer 2013). For each simulated data three chains with different
initial parameter values were run. In each chain posterior information was collected in 2000 iterations after
2000 “burn-in” iterations. Convergence checks indicated no evidence of non-convergence of three chains.
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¢ ~1G(0.001) ¢ ~IG(0.1) +/¢ ~Unif ¢~Unif ML REML

B 0.950 0.999 0.983 0.999 0955 0.955
B 0.947 0.997 0.983 1.000 0.896  0.950
o) 0.946 0.957 0.939 0.831 0.714 0913

Table 1: Coverage rate of 95% confidence/credible intervals of different estimates.

Figure 15 presents the direct comparison of the estimated (fixed effect) coefficient f; of the
predictor x,. The left-side panels compare naive ML estimates and Bayes estimates with
different priors. The right-side panels compare REML estimates and Bayes estimates. If we
first look at the point estimates (dots in Figure) they are most identical among ML/REML and
Bayesian estimates. That is, if ML/REML is biased, Bayesian estimates should be also biased.*
Only the Bayesian estimates with the uniform prior on ¢ are instable in comparison with the
other estimates (both panes at the bottom). This is clearly because the boosted posterior of ¢
by the prior specification. This is confirmed by the corresponding interval estimates which

show much longer credible intervals (vertical lines in the panels at the bottom).

If one checks the coverage rate of the parameter values it is clear to see that REML estimates
and Bayesian ones with inverse distribution with 0.001 outperforms the other estimates. Both
estimates have coverage rates very close to 95%. Only at the estimate of ¢) the REML shows
a undercoverage. In contrast, the other estimates show either clear overcoverage (the other

Bayesian estimates) or undercoverage (naive ML).>

From these simulation results, we confirmed the following: First, the point estimates are
identical among the ML and Bayesian estimation so long uninformed priors are specified.
Second, the REML and Bayesian estimation with uninformative prior perform well to a sim-
ilar degree. Third, a Bayesian posterior can be quite sensitive to prior choice. In particu-
lar, the uniform prior for the variance parameter perform much worse than naive ML even
though the prior looks uninformative. One might object that this result is based on a random
intercept model with specific parameter value (m = 5 and p = 0.1). Using the same model

specification, Stegmiiller (2013) found partly large differences between ML and Bayesian es-

“To be precise, the term “bias” is in the Bayesian context not correct since it assumes no true parameter value
from which estimates are “biased”. Gelman and others (2006), e.g., uses the term miscalibration as difference
between posterior mean and the true parameter mean.

>One might wonder that the uniform prior for ¢ has overcoverage for both estimated ’s and undercoverage
for estimated ¢. This is because the posterior of ¢ has too large expected value therefore its credible interval
is often larger than the true value (undercoverage). It leads to the larger dispersions of the posterior of s
which in turn result in overcoverage.
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timates, which however could not be confirmed by the simulation study here.

6 Conclusion

In the present paper we have shown, both theoretically and by way of a Monte Carlo study,
that frequentist estimators of coefficients in normal linear multilevel models are unbiased
irrespective of the number of higher-level units (e.g. countries in case of cross-national com-
parative studies), and irrespective of whether maximum likelihood, restricted maximum like-
lihood and even (in the present context) crude OLS estimators are used. Secondly, we have
shown that confidence intervals, if appropriately constructed, do not exhibit any serious un-
dercoverage. Thirdly, we have found that the result to multilevel probit models are hardly
different to normal linear multilevel models even if a relatively simple Laplace approximation
is used. Fourth we have found that Bayesian point estimates of coefficient estimates in the
Monte Carlo study hardly differ from ML estimates, while we do find that the choice of the
prior distribution of a variance parameters has consequences for the coverage of true coef-
ficient values by Bayesian credibility intervals and that these consequences are not always
beneficial. That is, “the Bayesian approach” is not “far more robust” (Stegmiiller 2013) but

rather quite sensitive, namely to the choice of the prior distribution.

The question now arises why Stegmiiller (2013) finds a bias in the point estimates for coef-
ficients in multilevel models while we do not. The major reason for this is that he does not
account for Monte Carlo sampling error. Whereas we do find (mostly minor) departures from
zero of the simulated bias, we are able to attribute these departures to random fluctuations, as
they are inevitable in any Monte Carlo study. Therefore we conclude that reporting of Monte
Carlo results without taking into account their variance is misleading. The second question
is why Stegmiiller finds a serious undercoverage of frequentist confidence intervals while
we do not. Again part of the question is the failure to account for Monte Carlo variance. Yet
most importantly, Stegmiiller’s study ignores REML as a frequentist estimator and the more
improved confidence intervals based on t-distributions as proposed by Kenward and Roger
(1997). Thus when Stegmiiller (2013) conveys the impression that frequentist estimation and
inference in multilevel models is flawed, we have to disagree. And if the other impression
is that the Bayesian approach is superior, we also have to disagree. Rather we would argue

that one does not need to become a Bayesian to address the limits of maximum likelihood.
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We should not forget to point to a limitation of our Monte Carlo study as well as Stegmiiller’s.
Throughout the discussion the size of the higher-level units (e.g. country samples) is relat-
ively large. While smaller group sizes are unlikely to lead to a bias in coeflicient estimates of
normal linear multilevel models, a small group size may have consequences for the perform-
ance of PQL and PQL-REML estimates. But for this problems there may again be remedies
within the frequentist framework. One is Monte Carlo integration as an approximation of
the log-likelihood function (McCulloch 1997; Booth and Hobert 1999; Caffo et al. 2005), an-
other one is using a higher-order Laplace approximation (Breslow and Lin 1995; Lin and
Breslow 1996). Finally, one can use parametric bootstrap or iterated parametric bootstrap

bias correction methods (e.g. Kuk 1995).
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